In this paper, the scaling property of the inverse energy cascade and forward en-9 strophy cascade of the vorticity filed ω(x, y) in two-dimensional (2D) turbulence 10 is analyzed. This is accomplished by applying a Hilbert-based technique, namely 
such as the first approximation to the large-scale motion in atmosphere and oceans. [1] [2] [3] [4] [5] The
32
2D turbulence and relative problems have attracted a lot of attentions in recent years. a single scalar vorticity field ω = ∇ × u as, i.e.,
37
∂ t ω + u • ∇ω = ν ▽ 2 ω − αω + f ω (1) in which ν is the fluid viscosity, α is the Ekman friction and f ω is an external source of energy 38 inputing into the whole system. 20,21 Specifically for the small scale motions, it is believed 39 that there exists a dual-cascade, i.e., a forward enstrophy cascade, in which the enstrophy
40
(square of vorticity ω 2 ) is transfered from large to small scales, and an inverse energy cascade,
41
in which the energy is transfered from small to large scales. 22 A two-power-law behavior is 42 thus expected to describe this dual cascade, i.e.,
43
E u (k) =    C (ǫ α ) 2/3 k −5/3 , when k α ≪ k ≪ k f for inverse energy cascade C ′ (η ν ) 2/3 k −3 , when k f ≪ k ≪ k ν for forward enstrophy cascade (2) in which E u (k) is Fourier power spectrum of the velocity, ǫ α is the energy dissipation by 44 the Ekman friction, η ν is the enstrophy dissipation by the viscosity, k f is the forcing scale,
45
in which the energy and enstrophy is injected into the system, and k α is the characteristic 46 friction scale, k ν is the viscosity scale. One can relate the vorticity statistics with the velocity one by using E ω (k) ∼ k 2 E u (k). Therefore, a dual power-law behavior is also expected for
This unfortunately is the case of the forward enstrophy cascade in the 2D turbulence.
vorticity field seems to disagree with the theoretical prediction.
86
In this paper, we apply a Hilbert-based technique to the vorticity ω( Local mean: m ij (x) = (e min (x) + e max (x))/2 Local residual:
Input signal ω(x) a flowchart of the EMD algorithm to demonstrate how to decompose a given vortex signal 115 ω(x) into a sum of IMF modes, i.e., proposed a Cauchy like criteria computed from two consecutive sifting, i.e., 
in which P means the Cauchy principle value.
40,41 A so-called analytical signal is then written as, i.e.,
in which j = √ −1. An instantaneous wavenumber is then defined as, i.e.,
Note that Eq. (6) is a singularity transform. The differential operation is also used to define After obtaining the IMF modes C i (x) and the corresponding instantaneous wavenumber
in which · · · is ensemble average over all i and x. 34,42 L q (k) could be defined by another equivalent way as described below. One can extract a joint probability density function (pdf)
150
i.e., p(C, k), from the IMF mode C i (x) and the corresponding wavenumber k i (x). Taking a 151 marginal integration, Eq. (10) is then rewritten as, i.e.,
For a scaling process, one expects a power-law behavior, i.e.,
in which ζ(q) is comparable with the scaling exponents provided by the classical structure 154 function.
The Hilbert-based methodology has been verified by using a synthesized fractional Brow-156 nian motion data for mono-fractal process and a synthesized multifractal random walk with 157 a lognormal statistics for multifractal process. 34 It also has been applied successfully to 
A. Direct Numerical Simulation of 2D Turbulence

169
The DNS data we used in this study is provided by Professor G. Boffetta. We recall briefly the measured E ω (k) ln(k/k min ) −1/3 has been vertical shifted by multiplying a factor 5. A nearly one decade power-law behavior is found on the wavenumber range 100 ≤ k ≤ 1000, corresponding to 0.001 ≤ ℓ ≤ 0.01 with a scaling exponent β = 1.96 ± 0.02 for E ω (k) and β = 2.02 ± 0.02 for 
in which ∆ ℓ ω = ω(x + ℓ) − ω(x) is vorticity increment, and β is the scaling exponent of the SFs to capture the scale invariance of the two-dimensional vorticity field.
199
To understand more about the second-order SFs S ω (2, ℓ), one can relate it with the Fourier power spectrum by using Wiener-Khinchin theorem, 23,24 i.e.,
in which E ω (k) is the corresponding Fourier power spectrum. Note that an integral constant 202 is neglected since it does not change the conclusion in this paper. 
We are particular concerned by the Fourier modes below the forcing scale,i.e., [0, 100] (resp. We will then test above relation by using the Hilbert method as we described above. The Hilbert method is applied to the vorticity field ω(x, y) along x-direction. The con-232 ditioned/joint histogram p(C, k) (resp. probability density function if it is renormalized can not collapse with each other due to different shape of the core part −5 < C(k)/σ < 5.
229
IV. HILBERT RESULTS AND DISCUSSION
245
The exponential tail of the vorticity field consists with very recently theoretical prediction 
259
We now turn to the high-order Hilbert statistics. The convergence of the statistical 260 moment L q (k) has been verified by checking the integral kernel p(C, k)|C| q at given scales.
261
A quite good convergence has been found for all wavenumber k up to q = 4 (not shown for physical evidence and for more database.
277
The measured scaling exponent ζ F ω (q) ( ) is also shown in Fig. 7 b) . We note that when 278 q ≤ 2 the measured ζ As we shown above that due to the large-scale structure influence the second-order SF 293 fails to identify the power-law behavior of the forward enstrophy cascade, see Fig. 3 b) .
294
Here we apply the Extended Self-Similarity (ESS) technique to extract the relative scaling exponents. 46 Note that for the forward enstrophy cascade, the second-order Hilbert moments 296 provides a scaling exponent ζ Therefore, we define the ESS of the SFs by using the second-order SFs, i.e.,
in which S q (ℓ) = |∆ ℓ ω| q , and ζ 
in which the scaling exponents ζ ω (q) could be either scaling exponent from Hilbert method inconsistence but also the intermittent effect.
326
We emphasize here that the scaling property of the forward enstrophy cascade might 327 depend on the Ekman friction, the parameter α. 20,21,25 Therefore, more data sets should be 
